In the past few years, the study of complex networks has attracted great attention. Complex networks rely on their structural robustness for their function and performance, i.e., the ability of a network to maintain its connectivity when the fraction of its vertices is damaged. As one of the most central topics in the field of complex networks, network robustness has received increasing attention. [1−11] Simple and effective measures of structural robustness are important for system design and optimization. A variety of measures have been proposed to measure the structural robustness of networks. For instance, super connectivity, [12] conditional connectivity, [13] restricted connectivity, [14] fault diameter, [15] toughness, [16] scattering number, [17] the expansion parameter, [18] and the isoperimetric number. [19] Unfortunately, all these robustness measures are time-consuming and not suitable for unfolding the robustness of weighted complex networks. The second smallest Laplacian eigenvalue (i.e., the algebraic connectivity) [20] is another remarkable measure of un-weighted network robustness. However the algebraic connectivity is equal to zero for all disconnected networks, which is also unsuitable for measuring weighted complex networks through the experiment validated in this study. Recently, the concept of natural connectivity was proposed as a spectral measure of structural robustness in complex networks. [21−24] The natural connectivity can be derived from the graph spectrum as an average eigenvalue, and can be interpreted as the Helmholtz free energy of a network. [25] The natural connectivity provides a sensitive and reliable measure of the structural robustness of complex networks and has received growing attention. [26−29] However, a basic assumption in most existing works on network robustness is that all edges and vertices in networks are identical in terms of their functional roles in the networks. [30] In fact, along with a complex topological structure, real networks display a large heterogeneity in the properties of the vertices or edges. [31] For instance, in a neural network, edges, which are dendritic connections, can have very different capabilities in terms of transmitting electrical signals. These features have not been considered in the past studies where edges are usually represented as binary states, i.e., either present or absent. It is therefore important to study the robustness of weighted complex networks in which vertices and edges are not treated on an equal footing. In this Letter, we extend the concept of natural connectivity to weighted complex networks. The weight of a vertex or an edge can be defined in different ways. Consider that redundancy backup is frequently used to enhance the robustness of technical networks, such as the presence of alternative water supply pipes in a seismically active region to protect water supply from being damaged by an earthquake. [32] Our study focuses on a class of weighted complex networks, in which the weight of an edge represents the number of multi edges.
A complex network can be described by a undirected multigraph = ( , ), where is the set of vertices, and ⊆ × is the multiset of unordered pairs of vertices, i.e., edges. A multigraph is a graph which is permitted to have multiple edges, that is, edges that have the same end vertices.
[37] Let ( ) = ( ) × be the weighted adjacency matrix of , where = ∈ + denotes the number of multi edges between vertices and if they are adjacent, and = = 0 otherwise. Let = | | and = | | be the number of vertices and edges, respectively. It immediately follows that ( ) is a real symmetric matrix with real eigenval-
A walk of length in a graph is an alternating sequence of vertices and edges 0 1 1 2 . . . , where ∈ and
. Closed walks are directly related to the subgraphs of a graph. For instance, a closed walk of length = 2 corresponds to an edge and a closed walk of length = 3 represents a triangle. The number of closed walks is an important index for complex networks. Recently, we have proposed that the number of closed walks of all lengths quantify the redundancy of alternative paths in the graph and can therefore serve as a measure of network robustness. [21, 22] Consider that shorter closed walks have more influence on the redundancy than longer closed walks, we define a weighted sum of numbers of closed walks = ∑︀ ∞
=0
/ !, where is the number of closed walks of length > 0 and 0 = . This scaling ensures that the weighted sum does not diverge. 
Then we obtain
Therefore, we have
Note that will be a large number for large , the natural connectivity is then defined as an average eigenvalue of the graph as follows: [21] = ln( ) = ln
Next we will prove that Eq. (1) is still tenable for a multigraph using the recursion method. When = 1, we know that (1) is just the number of multi edges from to . It follows from the definition of that
Therefore, Eq. (1) is also tenable for = 1.
Assuming that Eq. (1) is tenable for = ≥ 1, i.e., ( ) = ( ) , we consider the case of = + 1.
We obtain
Note that · = +1 , thus we obtain
Using Eqs. (6)and (7), we obtain
Consequently, we prove that ( ) = ( ) is still tenable for a multigraph = ( , ). It means that the concept of natural connectivity can be extended to weighted complex networks, in which the weight represents the number of multi edges.
In Ref.
[21], we have proved that the natural connectivity changes strictly monotonically when edges are added or deleted. Now we will prove that it also changes strictly monotonically when the weights are increased or decreased. Consider a pair of vertices ∈ and ∈ , where we can obtain that̂︁ ≥ and then ( ′ ) ≥ ( ). It is easy to shoŵ︁ >̂︁ ′′ = for some , e.g.,︁ 2 = 2 + 2. Consequently, ( ′ ) > ( ), indicating that the natural connectivity increases strictly monotonically as the weight is increased. Similarly, we can prove that the natural connectivity changes strictly monotonically when the weight is decreased.
To investigate the influence of weight increasing on the network robustness, we consider a scenario of weight increasing, i.e., adding the redundancy backup. An initial network with power-law degree distributions is generated using the BA model, [33] where = 1000 and average degree ⟨ ⟩ = 6. Four weight increasing strategies are considered: (i) random strategy, increasing the weights randomly; (ii) rich-rich strategy, i.e., increasing the weights between high-degree and highdegree vertices in descending order of · , where and are the degrees of the end vertices. (iii) poor-poor strategy, increasing the weights between low-degree and low-degree in ascending order of · ; 108901-2 (iv) rich-poor strategy, increasing the weights between high-degree and low-degree vertices in descending order of | − |.
For comparison, we first show in Fig. 1(a) the algebraic connectivity as a function of increased weights for the four weight increasing strategies. We find that algebraic connectivity increases as the weight increases. However, the network robustness grows most slowly for rich-to-rich strategy but most rapidly for poor-to-poor strategy. It is generally believed that the edges between high degree vertices are more important than the edges between low degree vertices. For the example, in the water supply network, the failure of a supply pipe between core water sources would be disastrous. Hence the network robustness measured by algebraic connectivity does not agree with our general intuition. On the other hand, there is no obvious difference in robustness growing for four different strategies. The four growing lines even cross together as the weight increases. This means that the network robustness based on algebraic connectivity cannot clearly reflect the effect on robustness under different strategies, which is not helpful for redundancy design and system optimization. Number of increased weights Natural connectivity Fig. 1 . The network robustness measured by algebraic connectivity (a) and natural connectivity (b) as a function of increased weights for four weight increasing strategies: random strategy (squares), rich-rich strategy (circus), poor-poor strategy (diamonds), and rich-poor strategy (cross). Each quantity is an average over 100 realizations. Figure 1(b) shows the result for the natural connectivity corresponding to the four strategies. We find a clear variation of the natural connectivity with distinct differences between the four weight increasing strategies, showing a clear ranking for the four edge elimination strategies: rich-rich strategy ≻ rich-poor strategy ≻ random strategy ≻ poor-poor strategy, which agrees with our intuition. In the four strategies mentioned above, the rich-rich strategy seems to be the best rich-rich strategy. However, there must exist other backup strategies better than the rich-rich strategy. Therefore, the optimal strategy of redundancy backup leading to the best network robustness is significant and interesting to research.
To study the influence of weight on the network robustness in depth, we consider a similar scenario of weight decreasing, i.e., edge eliminating the redundancy backup. An initial network with a powerlaw degree distributions is generated using the BA model, [33] where = 1000 and average degree ⟨ ⟩ = 12. In this network, every edge has a redundancy backup edge. The same four strategies are adopted in this experiment. Number of decreased weights Natural connectivity Fig. 2 . The network robustness measured by algebraic connectivity (a) and natural connectivity (b) as a function of decreased weights for four strategies: random strategy (squares), rich-rich strategy (circus), poor-poor strategy (diamonds) and rich-poor strategy (cross). Each quantity is an average over 100 realizations.
In Fig. 2(a) , the algebraic connectivity decreases as the weights decrease. The network robustness drops most rapidly for the poor-to-poor strategy, but drops most slowly for the rich-to-rich strategy, which does not agree with our intuition. Moreover, we find that, for all four strategies, algebraic connectivity is equal to zero after particular edges are deleted, even in the case where only a few edges are deleted. This means that the algebraic connectivity loses discrimination when the network is disconnected. Compared with algebraic connectivity, the decrease of natural connectivity along with weights decreasing in Fig. 2(b) agrees with our intuition. In addition, natural connectivity shows its discrimination in the whole edge elimination process. Therefore, the natural connectivity can well reflect the effect of edge redundancy backup on structural robustness of weighted complex networks rather than algebraic connectivity. It is significant and interesting to research how to protect critical redundancy 108901-3 backup in complex networks.
In summary, we have studied the structural robustness of weighted complex networks based on natural connectivity. Our result confirms that the concept of natural connectivity is also suitable for weighted complex networks. The natural connectivity shows its advantages in measuring the structural robustness of weighted complex networks: (1) its algorithm is of lower complexity, which implies that natural connectivity is of great practical use for large-scale weighted complex networks; (2) it changes strictly monotonically when the weights are increased or decreased, which implies that the weighted natural connectivity allows a precise and sensitive quantitative analysis of the structural robustness for weighted complex networks. Hence, natural connectivity is a simple and efficient structural robustness measure for weighted complex networks, and it is of great interest for the problem of how to allocate redundancies in a networked system so as to optimize the system performance in reliability engineering and system security. However, our study only focuses on a class of weighted complex networks, in which the weight of an edge represents the number of multi edges. Structural robustness measure of other weighted complex networks is worth researching in future. In addition, the optimal strategy of redundancy backup in a networked system based on natural connectivity is an interesting topic in future research.
